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We deal with the problem of identifying a background structure and its perturbation in tetrad 
theories of gravity. Starting from a peculiar trivial principal bundle we define a metric which 
depends only on the gauge connection. We find the allowed four-dimensional structure groups; two 
of them turn out to be the translation group T 4 and the unitary group U( 2). When the curvature 
vanishes the metric reduces to its background form which coincides with Minkowski flat metric for 
the Ti case and with the Einstein static universe metric for the U (2) case. The perturbation has a 
coordinate independent definition and allows for the introduction of observables distinguished from 
those obtained from the metric alone. Finally, we show that any teleparallel theory of gravity, and 
hence general relativity, can be considered as a gauge theory over the groups introduced. 

PACS numbers: 04.20.Cv, 04.50.+h 


I. INTRODUCTION 


Teleparallel theories of gravity have a venerable his¬ 
tory. In 1928 Einstein [Q introduced the notion of ab¬ 
solute parallelism in his attempt of unifying gravity and 
electromagnetism. That project failed but later j| ||] 
the idea of a teleparallel geometry was revived as a geo¬ 
metrical alternative to the Riemmanian approach of gen¬ 
eral relativity. Those investigations led to valuable re¬ 
sults particularly in connection with the study of energy- 
momentum, its covariance, positivity and localization 
[j|, U . In 1967 Hayashi and Nakano ||] showed that 
teleparallel gravity can be seen as a gauge theory over 
the translation group [^[ || with a Lagrangian quadratic 
in the strength tensor. Some author started to con¬ 
sider modifications of the teleparallel equivalent of gen¬ 
eral relativity thus discovering a one parameter family of 
quadratic Lagrangians which reproduce the correct low 
energy behavior |j. Such teleparallel theories are exper¬ 
imentally indistinguishable from Einstein’s gravity even 
if, from the theoretical side, they are not invariant under 
local Lorentz trasformations of the tetrad field. More¬ 
over, the one parameter family cannot be altered with a 
slight modification of the coefficients without introduc¬ 
ing ghosts ijlTJ , and the parameter, for the same reason, 
should be taken to be positive. Thus, Kopczynski’s 0] 
proof that such Lagrangians were unable to determine 
uniquely the evolution of the teleparallel geometry was 
taken as a serious drawback even if, as shown later by 
Nester Jl^], it was less severe than expected and limited 
to special solutions. Who takes this problem seriously 
has to drop the teleparallel geometry and has to con¬ 
sider it as auxiliary: an interpretation useful to write 
down Lagrangians but not realized in nature. In this 
case the matter Lagrangian should be invariant under 
the hidden symmetries of the gravitational Lagrangian. 
In particular the coupling of spinor matter fields with 
gravity should be written through the Levi-Civita con¬ 
nection, not Weitzenbock’s FT). 0 0. This solution 


is not completely satisfying because even if we can in¬ 
troduce a stress-energy tensor of gravity which is co¬ 
variant under coordinate transformations, global Lorentz 
transformations and gauge transformations [Q, we can¬ 
not establish, for instance, the value of the energy den¬ 
sity as seen in a local Lorentz frame. This is because the 
stress-energy tensors so far proposed are not invariant un¬ 
der local Lorentz transformations of the OT frame, and 
moreover the dynamics is not able to define a privileged 
OT frame because of the local hidden Lorentz symme¬ 
try of the family of viable Lagrangians 00 . Fortu¬ 
nately, this problem arises only in those special solutions 
studied by Nester. Alternatively, one can remove alto¬ 
gether the lack of determinism adding to the Lagrangian 
higher order terms in the torsion JTo| . This, however, not 
only means a more radical departure from general rela¬ 
tivity (at least from the theoretical side), but also from 
the Yang-Mills theory that the gauge interpretation of 
teleparallel theory so strongly resembles. 

Here we study the teleparallel theories as Yang-Mills 
theories even if with a dependence of the Lagrangian on 
the curvature somewhat more complicated. Our task is 
to show that the gauge formulation of teleparallel grav¬ 
ity theories allows a solution of the background structure 
problem. Ultimately this can be considered as the true 
reason for the success of these theories in dealing with the 
stress-energy tensor. We shall deal only with the one pa¬ 
rameter family of experimentally viable teleparallel the¬ 
ories, relying on the fact that an unpredictable behavior, 
if present, can be removed with a slight perturbation of 
the initial value data [0. One can also get rid of it by 
assuming that a higher order term in the curvature was 
implicitly added to the Lagrangian. 

We use the Greek alphabet (/z, v, p, ... =0,1,2,3) to 
denote indices related to spacetime, and the Latin alpha¬ 
bet (a, b, c, ... =0,1,2,3) to denote indices related to 
the internal space. The flat spacetime metric ?y a {, is fixed 
by t]oo = 1 and the totally antisymmetric tensor is nor¬ 
malized by eoi 23 = 1. We use the natural units: h = 1, 
c = 1. 
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II. BACKGROUND IDENTIFICATION 

The identification of a background structure in theories 
invariant under diffeomorphisms is notoriously difficult. 
This is an important issue because in turn, in quantum 
field theory, the excitations with respect to a fixed back¬ 
ground receive a particle interpretation [ p~5| . Hence the 
problem of identifying a background structure is central 
in quantum gravity. One can also avoid this problem tak¬ 
ing unaltered the spirit of general relativity. A program 
of quantization of this kind can be performed and leads 
to canonical gravity Jl6| . Before we abandon the idea of a 
privileged background structure let us look more closely 
to the problem of its definition. 

In metric theories of gravity one can try to introduce 
by hand a background structure rewriting the metric in 
the form 

Qiiv V/ms A ^\ivi (f) 

and identifying r]^ with the background and h^ with 
the perturbation. This can be justified if we are study¬ 
ing a spacetime which is Minkowskian at spatial infinity 
but is still not satisfying. The splitting of the metric 
in background and perturbation parts turns out to be 
dependent on the coordinate system chosen. Let two 
observers label events in different ways with systems of 
coordinates {x M } and respectively. Even if the two 

systems of coordinates coincide at spatial infinity, the 
associated backgrounds n^dx^dx 1 ' and g^dx^dx' 1 ' dif¬ 
fer. The prescription (pi) introduces a background in a 
non-covariant way with respect to coordinate changes. It 
cannot be used in many circumstances: for instance in 
quantum gravity where we cannot arbitrarily privilege a 
system of coordinates s We can reach the same con¬ 
clusion even if we look for scalars that can be constructed 
from g and h. It is not difficult to show that the only 
scalars that can be constructed this way are exactly those 
that can be constructed using the full metric g^ alone. 
This means, because any observable should be coordi¬ 
nate independent, that the splitting proposed is artificial. 
Any observable expresses properties of the full geometry, 
nothing can be said about the background metric and its 
perturbation separately. A better definition would be 

Q\IV = g^LV ~b (2) 

= °- ( 3 ) 

It says that a coordinate system where ( 0 ) holds exists 
without, however, fixing it from the beginning. The dy¬ 
namics should determine that coordinate system starting 
from the initial value data. Unfortunately, this prescrip¬ 
tion is not well suited for practical calculations. 

Let us consider a principal fiber bundle P with struc¬ 
ture group G and let the spacetime M be the base. 
Over P let us consider a flat connection Q and a sec¬ 
ond connection u>. Then, clearly, if M is simply con¬ 
nected, the fiber bundle is trivial. A structure like this 


is familiar in teleparallel theories where P is the bun¬ 
dle of linear frames and the two connections are given 
by Weitzenbock’s and Levi-Civita’s respectively. Here, 
however, this structure acquires a different role. We re¬ 
quire G to be a 4-dimensional Lie group and we define 
the metric of M with 

g^dx^dx 1 ' = a 2 1 (A — A, A — A). (4) 

I is a symmetric, bilinear and ad-invariant function de¬ 
fined on the Lie algebra of the structure group, I : QxQ —> 
R, and A M , A^, are the potentials of the connections in a 
given section a(x), e.g.: A = T a A^dx^ = <j*uj. The con¬ 
stant a has the dimension of a length; its presence gives 
to Af the dimension of a mass. Under gauge transforma¬ 
tions the difference of two potential transforms with the 
adjoint representation. Since I is ad-invariant the metric 
so defined is gauge invariant. 

The function I is a metric for the Lie algebra Q. It must 
be Minkowkian because g^ is Minkowskian too. We can 
chose a base of generators r a such that 

I{j a ,T b ) =r] ab . ( 5 ) 

The requirement of ad-invariance for I leads us to the 
classification of the allowed four-dimensional groups 

I{[T a ,n],Tc) + I{n, [r a , t c \) = 0 => f abc = f [abc] , 

( 6 ) 

where [r a ,r 6 ] = f° b T c and f abc = g a df bc - Let us rewrite 
fabc = v e e ea bc- With a Lorentz transformation of the 
generators we can recast v a in a canonical form 0 , 
moreover the residual parameter can be eliminated with 
a suitable rescaling of t q , /, a 2 , in such a way that the 
product a 2 1 and Eq. (||) are left unchanged. Finally, the 
Lie algebras involved are 

a) v a = 0: Lie algebra of the translation group T 4 

fab = 0. (7) 

b) v 2 > 0: Lie algebra of the group U{ 2) 

f c ab = 2e 0abd g dc . (8) 

c) v 2 < 0: Lie algebra of the group GL( 2,R) 

f c ab = 2e 3abdV dc . (9) 

d) v 2 = 0: Lie algebra of the two-dimensional Eu¬ 
clidean group with central charge 

.fab = £ 0 abd, V dC + £ 3 abd, rf° ■ ( 10 ) 

Notice that the generator v a r a belongs to the center of 
the group. In the last case it plays the role of central 
charge for the Lie algebra of the Euclidean group in two 
dimensions U 2 . 
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From Eq. (||) it follows that the adjoint representation 
acts as a subgroup H of the Lorentz group. Moreover 
if d“ / 0 , H is the little group of the four-vector v a , 
since the structure coefficients are left unchanged after 
an adjoint transformation. For G = T 4 this subgroup is 
the trivial group H = e, for G = 17(2) it is SO( 3), for 
G = GL( 2, K.) it is SO( 2,1) and in the last case it is E 2 . 

Let d(x) be an horizontal section with respect to the 
flat connection cD and let 4>(x) be the transition function 
between the two sections a(x)4>~ 1 (x) = d(x) then A = 
a*u> = 0 _1 (x)d<j>(x) . Finally, 

g^dx^dx 1 ' = a 2 1 (</> _1 d<j>(x) — A, (f>~ 1 d(f>(x) — A) (11) 

and the tetrad field can be defined to be 

r a e“dx M = a(r a A“d.T /i - <£ _1 d(j>(x)). (12) 

Notice that cj>(x) is determined only up to global left mul¬ 
tiplications (f>(x) —> u<j)(x) because of the arbitrariness of 
a(x). This does not effect © which depends only on 
the combination (j)~ 1 d(j). 

The degrees of freedom given by the field 4> are easily 
removed with a gauge transformation that sends <f> to the 
identity. Let us call such gauge ”OT gauge” because of 
its connection, that we shall exploit, with the OT frame. 
In the OT gauge the tetrad field and the potential are 
proportional. The potential in the OT gauge is our dy¬ 
namical variable; in what follows we shall assume that the 
dynamics determines this field completely. Clearly, this 
is not the case if the Lagrangian is constructed from the 
metric alone, indeed the tetrad field is determined only 
up to a local Lorentz transformation. Like in teleparallel 
theories, we have to consider modifications to the general 
relativistic Lagrangian. 

Let us return to the main question to show that 0) 
splits the metric in background and perturbation parts in 
a coordinate and gauge independent way. We identify the 
perturbation with the potential A and the background 
metric with 

g B = a 2 1(9, 9), (13) 

where 9 is the canonical 1-form of the group G jn| . When 
the perturbation is a pure gauge A = U~ 1 dU(x) the 
potential can be sent to zero through a gauge transfor¬ 
mation. Then the metric reduces to <p(x)*g B that is, 
apart from a pullback which amounts simply to a coordi¬ 
nate transformation ^o| , the metric takes its background 
form. In other words, if F is the curvature tensor, 

F = 0 => g = <j>*g B . ( 14 ) 

The coordinate system in which g = g B is not fixed by 
the requirement F = 0, indeed it depends on the map 
<j>(x) that in turn depends on the value of U(x). This 
shows that the equation F = 0 is a coordinate indepen¬ 
dent way to state the equivalence of the metric with its 
background form. Here the splitting is not artificial be¬ 
cause we can construct quantities like F^F^ f} r] a bg IJ ' a g ul3 


that are scalars and gauge invariant. Moreover they can¬ 
not be recovered from the metric alone. Their gauge in¬ 
variance is assured because the tetrad field (|l 2 ]) and the 
curvature transform, under gauge transformations, with 
the adjoint representation which, as we have seen, is a 
subgroup of the Lorentz group. 

Before we start studying the dynamics let us esplicitate 
the background metric for the structure groups T 4 and 
17(2). 

a) T 4 : With the parameterization cj> = e~ Ta ^ a the 
canonical 1-form becomes 9 = <f>~ 1 d<f> = —T a dcf> a 
and the background metric 

g B = a 2 r]ab d(j) a dcj) b 
coincides with the Minkowski metric. 

b) 17(2): With the parameterization 

0 _ 0^ r o 0X( T i s i n 0 cos <£+T2 sin 6 sin <£+7-3 cos 6 ) 

and the representation (the metric is independent 
from the representation of the Lie algebra chosen) 
t m = itjfi, a 0 = I, we find I(a , a) = —det(a), a £ Q 
and 

g B — a 2 {d \ 2 — dy 2 — sin 2 y(d 9 2 + sin 2 9 dtp 2 )}. 

Hence, for G = 17(2) the background metric coin¬ 
cides with that of Einstein’s static universe. 

Analogous calculations lead to the background metric for 
the cases c) and d). They, however, do not enjoy the 
cosmological principle. 

To summarize, we have identified the perturbation 
with the potential of a gauge theory. Its transforma¬ 
tion under gauge and coordinates change are well known. 
From that variable one can construct scalars that ex¬ 
press properties of the perturbation with respect to a 
background structure. The scalars to be considered de¬ 
pend on the supposed background structure, for instance, 
they are invariant under 17(2) gauge transformations in 
an Einstein’s static universe background. 


III. DYNAMICS AND TELEPARALLEL 
THEORIES 

Now we have to construct a dynamics for the gauge 
potential. Let 7L“ be the potential in the OT gauge and 
let e“ be the tetrad field 0) in the same gauge: e“ = 

aA“. We introduce a teleparallel geometry on M of OT 
frame {e“}, where the brackets recall that the OT frame 
is defined up to a global Lorentz transformation. We can 
rewrite the usual expression of the torsion in terms of the 
OT frame 

- ^e“), (15) 
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in a gauge invariant way 


r;„ = a e^--e^e;4, (16) 

where the tetrad held is given by Eq. @ and where 


FZ v = d ll AZ-d„A% + f2 c A b u Al. 


be 


(17) 


In order to shorten the notation let F abc = r] a dF^ v e b e" 
and T abc = e cp TP v e^e v c . Eq. (^6j) becomes 


Tabc 


aF abc fabc^ 
a 


(18) 


and the one parameter family of viable teleparallel La- 
grangians §0 


C = 


(I T 

167 tG 1 ' “ 


rpCt^LV | rp^LOiV 

^ OifllS-L I 

- M“ + 4TM rW }. 


(19) 


from the spacetime coordinates {cc^} to given internal co¬ 
ordinates {</>“} of the group manifold G. For example the 
Lagrangian in the internal coordinates becomes cf>~ 1 *C(x) 
with a tetrad held given by J|1J 

TaeUr) dr = r a A a b (r) d r - e. (22) 

From this equation we see that the held <j>( x ) has been 
completely removed by the coordinate change. In the 
internal coordinate representation the gauge symmetry 
turns out to be an alternative way of recasting the in¬ 
variance under coordinate transformations. To any co¬ 
ordinate change in the internal formalism corresponds 
a gauge transformation in the spacetime formalism; the 
converse, however, is not true. For instance the OT gauge 
can not be accomplished in the internal formalism be¬ 
cause the held </>(x), in that case, is not injective. In the 
internal representation the invariance under coordinate 
transformation and the invariance under gauge transfor¬ 
mation are linked: the transformation law for the poten¬ 
tial becomes (a' = a u) 


becomes 


r V 9 f 1 2a J^abc 

c - 1W < ~^ F ° b ' F 


- F a ab F c c b + !-^F Qfcc r bc - —— f abc f abc } . (20) 


1 -2a 
f ~2 
1 - 6a 


FabcF' 


bac 


4 a 2 


The linearized theory is ghost-free when the parameter a 
is positive a > 0. General relativity corresponds to 
a = 0. The hrst term in Eq. (|o[) is the well known Yang- 
Mills Lagrangian; its dimensionless coupling constant is 
given by 


Li 


a = 


( 21 ) 


The reader should keep in mind that this similarity is 
only apparent: here even the metric and the tetrad held 
depend on the potential A; this leaves us with a theory 
that is still not renormalizable. The role of Eq. ( |2o| ) is to 
exhibit the gauge invariance of teleparallel gravity theo¬ 
ries, and hence of general relativity, under any of the four 
dimensional group studied in the previous section. Ac¬ 
tually, we have obtained this gauge invariance with the 
introduction of a new degree of freedom given by the held 
4>[x). One can correctly suspect that the need for the in¬ 
troduction of a new held is a signal that the symmetries 
developed are not genuine new symmetries of the original 
Lagrangian. Moreover, one can be concerned about the 
fact that our dynamical variable is the potential in the 
OT gauge: if in practical calculation we have to return 
to the usual tetrad formulation, what is the advantage 
of introducing such dependence of the metric? To an¬ 
swer these questions we need to introduce the internal 
coordinate representation. 

So far, we have used the spacetime coordinates. Let 
us choose a gauge such that </> : M —> G is injective. In 
such a gauge we can perform a coordinate transformation 


r a A 


,a 

c 


{u 1 T a A b u + u 1 dbu} 


Tty*’ 


(23) 


and the transformation law for the curvature becomes 


F a b =u 1 F c dU 


dr &r 


(24) 


where the matrix it(</>) is related to the transformation 
r(ct> b ) by the product <f>' = <j>u((j>). In the same way 
it can be shown, for example, that the metric given by 
( 0 ) transform as a tensor under (fl3|). Notice that in 
the internal formalism there is no distinction between 
internal and spacetime indices because in the spacetime 
manifold we have introduced internal coordinates. 

Let us investigate more closely the case G = T 4 . In 
the previous section we defined the coordinates {</>“} on 
the group manifold: <p = e _Ta ^ . The tetrad field in the 
spacetime formalism is Q 


=d p r{x) +A“(z), (25) 

whereas in the internal formalism is (Eq. (0)) 

e &( < / ) ) = K +A b ((/))■ (26) 

Apart for changes due to the notation, this is exactly 
the dependence of the tetrad field on the potential given 
in Q. Indeed, our formalism in the G = T 4 case gives 
rise to the widely studied translational gauge symmetry 
of teleparallel theories. In literature it has been studied 
both in internal coordinates |ij and in spacetime coordi¬ 
nates [Q, p] . 

Now we see the advantage of these gauge formulations. 
In the internal coordinate representation, contrary to 
what happens in the spacetime representation, the La¬ 
grangian does not reduce to its usual tetrad form be¬ 
cause we are not working (and we cannot work) in the 
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OT gauge. Moreover, the dynamical variable is given 
by the potential A b {4>) and there is no further degree 
of freedom apart from that of making gauge-coordinate 
transformations. The metric depends on the potential 
through the tetrad field (|2^). The identification of the 
potential A(<p) with the perturbation is coordinate inde¬ 
pendent, its transformation law being Eq. (p3|). 

As a final point let us investigate the invariance un¬ 
der global Lorentz transformations. We should expect 
that the formulation in terms of a perturbation spoils 
this explicit invariance see (Eq. ([Hi])) if the background 
structure does not share the same symmetry. This is 
indeed the case. Only the structure coefficients of the 
group G = X 4 are left unchanged under the replace¬ 
ment r a = A b a Tb'. For this group one can accomplish 
the global Lorentz invariance with cj) a = A a b ,(j) b and 
(x) = a x). Of course, in the internal repre¬ 
sentation even the coordinates transform and we have 

AU& = A a c , Ai,(4) A d ' b . (27) 

Surprisingly, in the previous literature, despite of the 
properties of the gauge formulation, most of the calcula¬ 
tions were performed in the usual tetrad formalism. This, 
however, is quite natural if one looks for non-perturbative 
results. 


IV. CONCLUSIONS 

In order to solve the background structure problem of 
gravity theories, we proposed a metric of the form 0 ) 
where two connections were introduced. We showed that, 
if the dynamics determines the potential of the gauge the¬ 


ory completely (up to gauge or coordinate changes), the 
splitting of the metric in background and perturbation 
parts is physical since new observables, not dependent 
from the full metric alone, can be constructed. We clas¬ 
sified the allowed four-dimensional structure groups find¬ 
ing suitable backgrounds for the T 4 and 17(2) cases. We 
went to exploit the dynamics with the introduction of a 
teleparallel geometry on the manifold. Taking advantage 
of teleparallel gravity results, that geometry was used to 
construct Lagrangians compatible with the low energy 
limit of general relativity. It should be mentioned, how¬ 
ever, that the gauge approach allows a more large vari¬ 
ety of gravitational Lagrangians than the teleparallel ap¬ 
proach. For instance the Lagrangian F^F^p5 a bg^ a g vf3 is 
coordinate and gauge independent but has no teleparallel 
analogue. Teleparallel Lagrangians have the advantage 
of being invariant under global Lorentz transformation. 
This still seems a necessary condition for the introduction 
of spinor matter fields. Finally, teleparallel theories were 
interpreted as gauge theories over different backgrounds 
in dependence of the structure group chosen. Most in¬ 
teresting cases were the Minkowski flat metric and the 
Einstein static universe. As a final comment, Eq. ( [2l] ) 
suggests that renormalization can effect the ’radius’ of 
the universe. Of course, the theory is not renormalizable 
and this is only a speculation, anyway it seems to deserve 
further investigations. 
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